We describe the relation between the dynamical properties of a quasiperiodically forced orientation-preserving circle homeomorphism f and the behavior of the fibered rotation number w.r.t. strictly monotone perturbations. Despite the fact that the dynamics in the forced case can be considerably more complicated, the result we obtain is in perfect analogy with the onedimensional situation. In particular, the fibered rotation number behaves strictly monotonically whenever the rotation vector of f is irrational. This answers a question posed by Herman [1] .
Introduction
For an orientation-preserving circle homeomorphism g : T 1 → T 1 it is well-known that the rotation number behaves strictly monotonically whenever g has no periodic points. On the other hand, the only situation where mode-locking occurs (i.e. the rotation number is stable w.r.t. perturbations) is when there exists a closed interval which is mapped inside its own interior by some iterate of g, as in the case of a stable periodic orbit. If the rotation number only stays constant on one side this corresponds to the existence of parabolic periodic points. In this paper we show that exactly the same picture holds for quasiperiodically forced (qpf) orientation-preserving circle homeomorphisms, where p, q-invariant strips (as introduced in [2] and [3] ) serve as natural analogues of periodic orbits.
We consider continuous maps f : T 2 → T 2 of the form
where ω ∈ [0, 1] \ Q. In addition, we require all fiber maps f θ to be orientation-preserving circle homeomorphisms. The class of all such maps will be denoted by F. Further, we will use the notation f n θ (x) = π2 • f n (θ, x). Given any continuous lift F : T 1 × R → T 1 × R of f ∈ F, the limit and say the rotation number is strictly monotone in f if the map ε → ρ(Fε) is strictly monotone at ε = 0. If ε → ρ(Fε) is constant in a neighborhood of ε = 0 we say f is mode-locked. Theorem A. Suppose f ∈ F has no p, q-invariant strip. Then the rotation number is strictly monotone in f . In particular, this holds whenever ω, ρ(f ) and 1 are rationally independent. 1 Note that the second statement in Theorem A is the answer to the question asked by Herman in [1, Section 5.18, p. 497]. Theorem B. Suppose f ∈ F is mode-locked. Then there exists a closed annulus, bounded by continuous curves, which is mapped into its own interior by some iterate of f .
For a description of the critical cases with one-sided monotonicity, we refer to Section 4.
There is one well-known situation where a similar result to that in Theorem A holds, namely in the case of the (generalized) Harper map (1.3) sE :
where V : T 1 → R is a continuous function and E ∈ R. By letting xn = un+1/un, there is a 1-1 correspondence between orbits of this map and formal eigenfunctions of the discrete Schrödinger operator (H θ u)n = −(un+1 + un−1) + V (θ + nω)un. Note that, by identifying R with T 1 , (1.3) defines an element of F and we can therefore speak of the fibered rotation number of sE. Due to a fruitful interplay between spectral theory and dynamical systems methods it is well-known that the function E → ρ(SE) is monotone and continuous, and maps R onto [0, 1]. In fact, it can be shown that ρ(sE) = k(E), where k(E) denotes the integrated density of states for the corresponding Schrödinger operator. Moreover, if ρ(sE) is constant on an interval, then ρ(sE) = kω mod 1 for some integer k [4, 5] . In particular, if ρ(sE) and ω are rationally independent, then ρ(sE) is strictly monotone in E. We would like to stress that analogue results first where established for the continuous Schrödinger equation with almost periodic potentials in the fundamental paper [5] .
In contrast to the situation for the Harper map and despite a large number of numerical studies ( [6] gives a good overview and further reference), there are hardly any rigorous results about other parameter families of qpf circle maps. The most prominent example is probably the qpf Arnold circle map
with parameters α, τ ∈ [0, 1], β ∈ R and continuous forcing function g : T 1 → R. This map was first studied in [7] , where it was proposed as a simple model of an oscillator forced at two incommensurate frequencies. It was observed that the fibered rotation number seems to stay constant on open regions in the (α, τ )-parameter space, the so-called Arnold tongues (see also [8, 9, 10] ).
2 Although this was clearly expected and backed up by numerical evidence, to the knowledge of the authors it was not known so far that the rotation numbers have to be rationally related inside these tongues. Now this is certainly a direct consequence of Theorem A, which more generally implies the following Corollary A. Suppose (fτ ) τ ∈R is a parameter family in F with lifts (Fτ ) τ ∈R . Further assume Fτ depends continuously on τ and F τ,θ (x) < F τ ′ ,θ (x) ∀(θ, x) whenever τ < τ ′ . Then τ → ρ(fτ ) can only stay constant in τ0 if ω, ρ(fτ 0 ) and 1 are rationally dependent.
Finally, we note that Theorem A can also give interesting information in situations with rationally related rotation numbers: The simulations in [8, 9] suggest that for certain parameters α, β the τ -interval with fibered rotation number zero is collapsed to a single point. This observation will be confirmed in a forthcoming paper [11] , by showing that for suitable forcing function g and parameters α, β the map f α,β,0 has fibered rotation number zero, but minimal dynamics and therefore no p, q-invariant strips. Consequently τ → ρ(f α,β,τ ) is strictly monotone in τ = 0 by Theorem A.
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Preliminaries
For any set A ⊆ T 2 and θ ∈ T 1 we let A θ := {x ∈ T 1 | (θ, x) ∈ A}. In the simplest case p = q = 1, the definition of an invariant strip is as follows: Note that in particular this definition includes continuous invariant curves. As the formulation for the general case (p, q) ∈ N 2 is slightly technical and we actually do not have to use it, we refrain from giving the precise definition here and refer to [2] or [3] . However, in order to get a basic idea one should think of p p-periodic closed curves which are permuted by the action of f and all wind around the torus q times in the θ-direction. The union of these curves intersects every fiber in exactly in pq points, and roughly spoken one allows each of these points to be replaced by a closed interval in the definition of a p, q-invariant strip.
The important thing we have to know here is the fact that the existence of a p, q-invariant strip A forces the fibered rotation number to be of the form
where the integers k, l, p and q are determined by the topological and dynamical structure of A and vice versa (see Lemma 3.9 in [2] ). Further, by going over to a suitable iterate, lifting the system to a q-fold cover (R/qZ) × T 1 and rescaling, one can always transform a system with a p, q-invariant graph into one with a 1, 1-invariant graph (compare Lemma 2.15 in [3] ; this is the reason why we do not need the general definition). For the latter (2.1) implies that the fibered rotation number will be of the form ρ(f ) = kω mod 1, and by conjugating with h : (θ, x) → (θ, x − kθ) we can finally assume that ρ(f ) = 0.
The proof of Theorem A is based on a classification result for qpf circle homeomorphisms obtained in [3] . In order to state it we have to introduce the 'deviations from the constant rotation', which are defined as
In contrast to the unforced situation, these deviations do not have to be uniformly bounded in (n, θ, x) in the forced case. However, if the deviations are unbounded, they have to be unbounded on every single orbit (see Theorem 1.3 in [10] ). This motivates the following definition:
Definition 2.2. f ∈ F is called ρ-bounded if the deviations are uniformly bounded and ρ-unbounded otherwise.
Note that the boundedness of the deviations does not depend on the choice of the lift F . We also remark that, again by Theorem 1.3 in [10] , in the ρ-unbounded case there always exist orbits for which the deviations are unbounded from above (and similarly from below). It turns out that in the ρ-bounded case, the natural analogue of the Poincaré Classification Theorem (e.g. [12] ) holds: Theorem 1 (Theorems 3.1 and 4.1 in [3] ). If f ∈ F is ρ-bounded, then either there exists a p, q-invariant strip and ρ(f ), ω and 1 are rationally dependent or f is semi-conjugate to the irrational torus translation (θ,
neither of these alternatives can occur and the map is always topologically transitive.
Examples of systems with ρ-unbounded behavior can be found e.g. in [1] , similar examples with minimal dynamics in [13] .
For the proof of Theorem B we have to introduce a number of notions and facts concerning qpf monotone maps. We call F : T 1 × R → T 1 × R a qpf monotone map if it is continuous, has skew product structure as in (1.1) and all fiber maps F θ : R → R are monotonically increasing. In particular, this is true if F is the lift of some f ∈ F. Similar to Definition 2.1 we define an (F -)invariant strip as a compact F -invariant set which consists of exactly one non-empty interval on every fiber. The upper and lower bounding graphs of an invariant strip A are defined as 
similarly for open and half-open intervals. For any graph ϕ : T 1 → R we denote its point set by the corresponding capital letter, i.e. Φ := {(θ, ϕ(θ)) | θ ∈ T 1 }, likewise for curves γ : I → R which are only defined on a subinterval I ⊆ T 1 . Further, we let (2.4)
For simplicity, we denote ϕ
We call a F -invariant strip A minimal whenever it does not strictly contain any smaller F -invariant strip. Minimality of A is equivalent to the fact that ϕ
(see [3] ). The following lemma describes a simple procedure to obtain minimal strips from semicontinuous invariant graphs (see Lemma 2.5 together with Definition 2.7 and Remark 2.8(a) in [3] One of the most important properties of a minimal strip A is the fact that it is pinched, meaning that there is at least one fiber which intersects A only in one single point. 3 This follows from Lemma 2.4 (Theorem 4.5 in [14] 
Strict monotonicity: Proof of Theorem A
From now on, we fix f ∈ F with lift F0 and let Fε be as is Definition 1.1. Theorem 1 allows to divide the problem into two cases, namely the ρ-unbounded one and the one with a semiconjugacy to an irrational translation. We treat them separately in the following two lemmas, starting with the ρ-unbounded case:
Lemma 3.1. Suppose f is ρ-unbounded. Then the rotation number is strictly monotone in f .
Proof. We only have to show that for any ε > 0 there holds ρ(Fε) > ρ(F0), as the case where ε < 0 is symmetric. Hence, fix any ε > 0. Due to uniform continuity, there exists δ > 0 such
By induction and using the monotonicity of the fiber maps we obtain
Fix N ∈ N such that {nω} N n=0 is δ-dense in the circle. As we mentioned above, in the ρ-unbounded case there always exists an orbit (θ0, x0) on which the deviations are unbounded from above. Let θ k := θ0 + kω. As all maps F n θ are lifts of circle homeomorphisms, obviously there holds
Further, there exists a constant C > 0 which satisfies
As the deviations of the orbit of (θ0, x0) are unbounded from above, we can choose M ∈ N with D(M, θ0, x0) ≥ C + 2. Together with (3.3) this implies
Now we proceed inductively to show that for any θ ∈ T 1 , x ∈ R there holds
. For n = 0 there is nothing to prove, so assume the statement holds for some n ≥ 0. Let
This only leaves the case where f is semi-conjugate to an irrational torus translation. In order to treat this, it is convenient to look at invariant measures. Let h : (θ, x) → (θ, h θ (x)) be the fiber-respecting semi-conjugacy from Theorem 1 and define a measure µ on T 2 by µ(A) = λ 2 (h(A)) ∀A ∈ B(T 2 ), where λ n denotes the Lebesgue measure on T n . Then it is easy to see that µ is an ergodic f -invariant probability measure. (In fact, it can be deduced from Theorem 4.1 in [15] that µ is the only f -invariant probability measure in this situation.) From the definition of µ it follows that
where A θ := {x ∈ T 1 | (θ, x) ∈ A} and the so-called fiber measures (or conditional measures) are defined as µ θ (B) = λ 1 (h θ (B)) ∀B ∈ B(T 1 ). Obviously, by this definition the measures µ θ are all continuous (in the sense that µ θ ({x}) = 0 ∀x ∈ T 1 ) and f θ maps µ θ to µ θ+ω , i.e. µ θ+ω = f * θ µ θ . (A general discussion of fiber measures can for example be found in [16] .) Therefore the strict monotonicity of the rotation number in the semi-conjugated case is a consequence of the following lemma. Proof. Fix ε > 0. We identify µ and µ θ with their natural lifts to T 1 × R and R, respectively. As the fiberwise rotation number does not depend on (θ, x), it suffices to show that there exist one (θ, x) ∈ T 1 × R such that
Let us first see that (3.7) is a consequence of the following statement:
Indeed, this implies that for some q ∈ N the set Aq := {θ ∈ T 1 | p(θ) = q} has positive measure, as λ 1 q∈N Aq = 1. W.l.o.g. we can assume that q = 1, otherwise we replace f by its qth iterate. Due to the monotonicity and periodicity of the fiber maps we obtain
As θ → θ + ω is ergodic, this implies
for λ 1 -a.e. θ, thus proving (3.7).
It remains to show that the function p is λ 1 -a.s. finite. To that end, note that for any ε > 0 the function
is µ-a.s. strictly positive. Therefore
By Birkhoff's Ergodic Theorem, for µ-a.e. (θ, x) we have (3.9) lim
and from (3.6) it follows that (3.9) holds µ θ -a.s. for λ 1 -a.e. fixed θ. Let S ⊆ T 1 be a set of measure λ 1 (S) = 1 which is invariant under rotation by ω and has the property that (3.9) holds for µ θ -a.e. x ∈ T 1 whenever θ ∈ S. Then for every θ ∈ S and µ θ -a.e. x there holds
We will show that p only takes finite values on S. In order to do so, we fix θ0 ∈ S and x0 ∈ R such that κ(θ0, x0) < ∞. 4 We will construct sequences ki and yi (i ∈ N0) with the following properties: If Ki := i j=0 kj, θi := θ0 + Kiω, xi := F
and consequently, as µ θ ([x, x + 1)) = 1 ∀(θ, x) (recall that µ is a probability measure)
which in turn implies p(θ0) ≤ Ki. As θ0 ∈ S was arbitrary and λ 1 (S) = 1, this shows (3.8). The sequences ki, yi are constructed as follows: If we let y0 = x0 and k0 = 0, then for i = 0, there is nothing to show. Suppose k0, . . . , ki and y0, . . . , yi with the required properties have been chosen. Let ki+1 := κ(θi, yi). Then
Thus we can choose some yi+1 ∈ (xi+1, zi+1) which satisfies (3.11) and (3.12).
Mode-locking: Proof of Theorem B
For f ∈ F with lift F0 let Fε be as is Definition 1.1. Due to Theorem A, we only have to consider the case where f has a p, q-invariant strip. Further, as mentioned in Section 2 we can always assume that p = q = 1 and ρ(f ) = 0. In this situation, the statement of Theorem B is a consequence of the following: For if f is mode-locked, then we obtain two curves γ + and γ − which are mapped strictly above, respectively below themselves by some iterate of F0. It is easy to see that γ + and γ − must be disjoint and that they are lifts of the continuous boundaries of a closed annulus A ⊆ T 2 which is mapped inside its own interior by some iterate of F0. Before we turn to the proof of Proposition 4.1, we need two auxiliary lemmas. The first one concerns the possible dynamics between two neighboring minimal invariant strips. As the proof is basically the same as in [2, Part 2 of the proof of Thm. 4.4], we keep it rather brief and refer to [2] for more details. Proof. Suppose neither of these two alternatives holds. Then, as F 0|C is not transitive, there exist open balls U, V such that the invariant setsŨ := n∈Z F n 0 (U ) andṼ := n∈Z F n 0 (V ) are disjoint. As U is non-wandering we can assume, by going over to a suitable iterate, that F0(U ) ∩ U = ∅. Thus, the successive iterates of U are attached to each other 'like beads on a string' and form an open and path-connected 'tube' which winds around the torus. As any open subset of U is also non-wandering, eventually this tube has to close, meaning that some higher iterate F n 0 (U ) intersects U again after the tube has already performed a whole loop. Hence, the setŨ has the property that for each of its points it contains a closed curve going through this point and winding at least once around the torus.
By going over to an even higher iterate if necessary, we can repeat this argument and obtain the same property forṼ . But as bothŨ andṼ are connected, this implies that one of the sets must lie strictly above the other, w.l.o.g. ϕ
. Hence, as both sets are invariant the set [ϕ
] is an invariant strip, contradicting the assumption that there is no such strip between A and B.
The following lemma allows to draw further conclusions from the existence of a wandering set: Proof. We construct the point set Γ of the curve γ, as this will greatly simplify the argument. Note that we may allow Γ to contain vertical segments: The property we are interested in is open w.r.t. Hausdorff distance. Therefore any vertical parts can be slightly tilted in order to obtain a curve that can be represented as a graph over T 1 . By going over to a suitable iterate, we can assume w.l.o.g. that W contains a ball of diameter larger than ω. Let Λ0 ⊆ W be a straight horizontal line segment of length ω. Denote the endpoints of Λ0 by a0 = (θ0, x0) and b0 = (θ0 + ω, x0). Further, let 
Now let n := max{k ∈ N | kω < 1} and define Γ as the union of Γn \ π −1 1 ([0, ω)), Λ0 and the vertical line segment between a0 and Λn. Note that this defines a closed curve that winds exactly once around the torus and contains n + 1 vertical segments. Further, if we assume w.l.o.g. n ≥ 2, then Γ1 ⊆ Γ. From now on we assume that a1 lies above b0, such that a k+1 lies above b k for all k ∈ N0 by monotonicity. (If a1 lies below b0, this can be treated similarly.) We have to distinguish three different cases:
First, assume there exists m ∈ N such that bm lies above Λ0. 5 W.l.o.g. we can assume m = n, otherwise we lift the system to the j-fold cover (R/jZ) × T 1 of T 2 , where j is the integer 5 Suppose Λ is the point set of a curve defined on a subinterval of T 1 and b ∈ T 2 . Then by saying b = (θ, x) is above Λ we mean x > sup Λ θ , implicitly assuming π 1 (b) ∈ π 1 (Λ). In the following we will use similarly obvious terminology without further explanation.
part of mω, and repeat the construction of Γ as above. (It is obvious that if there exists a curve with the required property on this j-fold cover, then the same is true for the original system.) If bn lies above Λ0, by the assumption made above the same is true for an+1. Further, by the monotonicity of the fiber maps bn+1 lies above Λ1. As Λn+1 joins an+1 and bn+1 and cannot intersect Λ0 ∪ Λ1 (recall that Λ0 is contained in the wandering set W ), we obtain that (bn, an+1] ∪ Λn+1 lies strictly above the curve Γ1. Together with (4.1) this implies F0(Γ) Γ and F N 0 (Γ) ≻ Γ for suitably large N . Secondly, assume there exists m ∈ N such that bm lies below Λ0 and Λm+1 does not intersect [b0, a1]. Again, we can assume m = n. As Λn+1 cannot intersect Λ0 ∪ Λ1, it is disjoint from Γ1 in this case. But as bn+1 lies below Λ1 ⊆ Γ1 by monotonicity, this implies that the whole curve Λn+1 ∪ (bn, an+1] is below Γ1. Similar to above we obtain F0(Γ) Γ and F N 0 (Γ) ≺ Γ for suitably large N .
Finally, we have to address the case where bm lies below Λ0 and Λm+1 intersects [b0, a1] whenever π1(bm) ∈ π1(Λ0). We show that this implies the existence of an invariant strip strictly between A and B, contradicting the assumption that there is no such strip.
Let Ω := k≥0
Clearly Ω is a non-empty, compact, F0-invariant set, and consequently ϕ + Ω is an upper semi-continuous invariant graph. We claim that
for a suitably small δ > 0. This implies that the same inequalities hold for ϕ
Ω ] defines an invariant strip which lies strictly between A and B. (Note that whenever a strip lies strictly between A and B on an open interval, then this is true on all of T 1 .) As Γ0 is contained in the wandering set W , there exist small boxes W0 := B δ (θ1) × B δ (x0) around b0 and W1 := B δ (θ1)×B δ (x1) around a1 which no curve Λj with j ≥ 2 can intersect. We fix δ ∈ (0, ω) with this property. Now, whenever π1(bm) ∈ π1(Λ0) the curve Λm ∪ [bm, am+1] ∪ Λm+1 = F m 0 (Γ1) has to pass through below the set W1 := I × B δ (x1): This holds for Λm+1 as this curve must intersect [b0, a1] and cannot intersect W1, and Λm lies below Λ0 anyway as this is true for its right endpoint bm. (Recall here that we assumed that b k is always below a k+1 , such that a1 is above Λ0.) Consequently none of the sets j≥k Γj intersects the region {(θ, x) | θ ∈ I, x > x1 − δ}, and from this the upper bound in (4.2) follows easily.
For the lower bound, note that there are infinitely many m ∈ N such that π1(W1) ⊆ π1(Λm+1). For these, Λm+1 has to pass through between the boxes W0 and W1 on their whole width. Therefore the upper bounding graphs of the sets j≥k Γj are always above W0, and consequently the same is true for their pointwise limit ϕ + Ω .
Proof of Proposition 4.1. Fix f ∈ F with lift F0 and suppose ρ(F0) = 0 and f has an invariant strip. Further, assume there exists no continuous curve γ + : T 1 → R which is mapped strictly below itself by some iterate of F0. We have to show that in this case there holds ρ(Fε) > 0 for all ε > 0. First of all, note that it is sufficient to prove that
where the supremum is taken over all (θ, x) ∈ T 1 × R and n ∈ N. Indeed, if ε ′ > 0 is fixed we can apply (4.3) to ε ′ /2 and obtain two possibilities: First, we could have ρ(F ε ′ /2 ) > 0, but in this case we are finished as ρ(F ε ′ ) ≥ ρ(F ε ′ /2 ) > 0. The only other alternative is to have ρ(F ε ′ /2 ) = 0 but unbounded deviations for F ε ′ /2 . However, in this case ε → ρ(Fε) is strictly monotone in ε = ε ′ /2 due to Lemma 3.1, such that again ρ(F ε ′ ) > 0. Fix ε > 0. In order to prove (4.3), we will show that an orbit of Fε moves upwards along a suitable sequence of minimal F0-invariant strips An. As we want to proceed by induction and there might be uncountably many invariant strips, we have to make a certain choice in the construction of this sequence. To that end, given any minimal invariant strip A we denote by We start the construction of the sequence (An) n∈N with any minimal invariant strip A0. (Note that 1, 1-invariant strips of f lift to F0-invariant strips, so by assumption such an A0 always exists.) Then we proceed by induction in the following way: Suppose A0 ≺ A1 ≺ . . . ≺ An−1 have been chosen. We distinguish two cases:
(A1): If Mε(An−1) is empty, we choose An as the (unique) minimal invariant strip above An−1 with the property that there is no other invariant strip strictly between An−1 and An. For sufficiently large c ∈ R, ψ is the lower bounding graph of the compact set Now let k2 ≥ 1 such that θ ′ + k2ω ∈ B δ 2 /2 (θ * ) and define k := k1 + k2. Then 
